We compare direct state measurement (DST or weak state tomography) to conventional state reconstruction (tomography) through accurate Monte-Carlo simulations. We show that DST is surprisingly robust to its inherent bias. We propose a method to estimate such bias (which introduces an unavoidable error in the reconstruction) from the experimental data. As expected we find that DST is much less precise than tomography. We consider both finite and infinite-dimensional states of the DST pointer, showing that they provide comparable reconstructions.
The no-cloning theorem prevents recovering the quantum state from a single system [1] . State reconstruction procedures must then employ multiple copies of the system and are affected by statistical errors: different procedures will have different efficiencies in converging to the state. Here we compare two such procedures, the recently introduced direct state measurement (DST) or weak-value-tomography [2] [3] [4] [5] [6] [7] [8] [9] [10] , and the well established quantum tomography [11] [12] [13] [14] . The DST is much less demanding experimentally: it only entails (i) a weak coupling of the system with an external pointer, (ii) a filtering (post-selection) of the final state of the system and a simple projective measurement of two complementary observables of the pointer. Tomography, in contrast, requires measuring a complete set of observables of the system. However, the DST is less efficient than tomography and is a biased procedure that introduces an unavoidable error in the reconstructed state. Here we show that, surprisingly, DST is quite robust to the bias, although it is known that it cannot reconstruct arbitrary states [9] and although (as expected) it is much less efficient than tomography that can achieve similar precision with several orders of magnitude less data. Moreover, we give a prescription of how one can estimate the error introduced by the bias, assuming that the state to reconstruct is pure: this allows the experimenter to optimally tune the weak coupling to the pointer so that such error is negligible with respect to (or comparable to) the statistical error. Finally, we show that the dimensionality of the pointer system in DST is irrelevant: a two-level pointer (qubit) is as efficient as an infinite-dimensional continuous-variable pointer system. We start by describing the theories behind DST and tomography. We then show how these two methods compare through Monte-Carlo simulations of reconstructions of physical systems of different dimensionality.
Direct State Measurement:-Two DST procedures exist: the first assumes that the state to be reconstructed is pure, the second applies to general (possibly mixed) states. In the first case, we choose a basis |n on which to perform the reconstruction and a state |c 0 that is complementary to all: | c 0 |n | 2 = 1/d (d being the dimension of the system Hilbert space). In the second case, we need a full complementary basis |c j such that
. The DST with qubit pointer [2, 3, 15] involves weakly coupling the system to a pointer qubit through a unitary coupling U ϕ,n = e −iϕ|n n|⊗σz (σ z the Pauli matrix) and then performing separate projection measurements on the system and pointer
1 . The coupling is such that the pointer, initially in an equal superposition
, is rotated by an angle ϕ if and only if the system is in the state |n :
After the interaction, we measure both: on the pointer we measure the expectation values of the Pauli matrices σ y and σ z (a projective measurement on two sets of complementary bases); on the system we either perform a simple post-selection on |c 0 (if we know that the initial system state is pure) or a measurement on the |c j basis in the general case. Consider the latter: after the projective measurement on the system with result j, the pointer qubit is in the state
(e −iϕδmn |0 + e iϕδmn |1 )(e iϕδ ln 0| + e −iϕδ ln 1|), where ρ ml = m|ρ|l is the initial state of the system in the |n basis and the Kronecker δ retains the memory of which state |n was coupled to the qubit. To first order in ϕ, the expectation values of σ y and σ z on the state κ (n) j are proportional to the real and imaginary value of
. We can recover ρ by inverting this relation:
1 In place of Uϕ,n it is also possible to choose a coupling e −iϕ|n n|⊗(σz −θ|0 0|) : to first order in ϕ, this coupling gives the same results as Uϕ,n. A choice θ = 0 is equivalent to introducing a phase factor e −iϕθ/2 to the nth component of the system state since σz − θ|0 0| = (1 − where we recall that ω j(l−n) = l|c j c j |n . Equation (3), valid only to first order in ϕ, yields the state of the system ρ nq from the experimental σ y , σ z expectation values of the pointer by renormalizing it so that n ρ nn = 1.
If the initial state of the system is pure ρ = |ψ ψ|, a post-selection on |c 0 is sufficient: in fact, to first order in ϕ we have
whence the state ψ n = n|ψ can be recovered upon renormalizing Eq. (4) so that n |ψ n | 2 = 1. Up to now we have considered a pointer qubit, but analogous relations hold if one uses a continuous-variable pointer [5, 7, 8, 16] initially in a Gaussian state |φ ptr ∝ dxe −x 2 |x . In this case, the interaction with the system shifts the pointer position by ϕ iff the system is in the state |n , through a unitary e iϕ|n n|⊗P where P is the pointer's momentum operator. After a measurement of |c j on the system, the pointer is left in the state
To first order in ϕ, the expectation value of the position X and momentum P of the pointer are proportional to the real and imaginary value of l ρ nl ω j(l−n) , so we can recover the state by inverting this relation:
which (to first order in ϕ) gives the state of the system in terms of the expectation values of X, P of the pointer. All the above procedures, derived to first order in ϕ, are correct only in the limit ϕ → 0. In (real and simulated) experiments, one has to use a finite nonzero ϕ: this is a bias that introduces an unavoidable error in the DST reconstruction (we will show how to estimate it from the experimental data). Note also that in the expansion that gives rise to Eq. (4), the first order term is proportional to c 0 |ψ −1 : if the overlap of the unknown state |ψ to be reconstructed and the post-selected one |c 0 is small, the first order approximation may fail [16, 17] . In particular, it will be impossible to reconstruct a state that is orthogonal to the post-selected one [9] . In practice it might be necessary to repeat the reconstruction using a couple of different orthogonal post-selected states (e.g. |c 0 and |c 1 ), choosing the one that yields the least statistical fluctuations in the reconstructed state. The formulas for general states, Eqs. (3), (5) , are immune to this problem.
Tomography:-Tomography [11] is a well-established unbiased state reconstruction technique, affected by statistical errors only. It can be understood very simply by considering the system operators as a Hilbert space and choosing a basis B(λ) for it. Then any operator A can be expanded on such a basis as [14] 
where Tr[B † (λ)A] is the Hilbert-Schmidt scalar product between operators B(λ) and A. Now, set A = ρ, the state of the system, and choose a basis B(λ) = f (λ, O λ ) which is a function of an observable O λ for all λ. We can recover the state ρ using Eq. (6), since the trace there is just a function of the outcome probabilities of measurements of these observables:
where o λ j and |o λ j are the eigenvalues and eigenvectors of O λ . The simplest example is the tomography of a qubit [13] , where one can choose the Pauli matrices 1 1, σ x , σ y , σ z as a basis set B(λ), so that Eq. (7) becomes
where p(m|σ γ ) is the probability of obtaining the eigenvalue m when measuring σ γ . For qudits with arbitrary dimension d one can obtain similar relations from irreducible unitary representations of the SU (2) group [13] .
Comparison:-We present a comparison between DST and tomography through simulated experiments.
To gauge the quality of the reconstruction we use the trace distance [18] D(ρ t , ρ r ) =Tr(|ρ t − ρ r |)/2 between the true state ρ t and the reconstructed one ρ r : it gives the probability of error in discriminating among the two, p err = 1/2(1 − D), and is a number in the interval [0, 1]. Even though this quantity is not accessible in experiments (as typically one does not know the true state ρ t ), for the pure-state case it can be estimated from the data (see below).
Both DST and tomography are affected by statistical errors: in (real and simulated) experiments one must estimate the expectation values in Eqs. (3), (4), (5), and (7) from a finite number N of measurement outcomes. Of course, the great advantage of DST is its incredible experimental simplicity but, as expected, tomography is much more efficient: using the same number N of measurements it can achieve a smaller trace distance than what can be achieved through pure-state DST of Eq. (4) (Fig. 1) or general DST of Eq. (3) (Fig. 2) . Namely, achieving precisions comparable to tomography with DST requires orders of magnitude more data. Moreover, the precision of pure-state DST has a very strong dependence on the overlap between the post-selected state |c 0 and the (unknown) state to be reconstructed [9] . In addition, DST is a biased technique due to the finiteness of ϕ. Even increasing N , the trace distance D (2) (as evident from the graph, these two bases are equivalent for tomography). As expected, tomography has smaller trace distance than DST. Moreover, DST saturates to the bias, indicated by the horizontal dashed lines at D ′ of Eq. (9), estimated from the experimental data: the arrows indicate the locations of the elbows where the trace distance starts to saturate as a function of N (they correspond to the optimal number of measurements for the ϕ employed). Here we simulate a qubit spin-coherent state [13] will saturate to a nonzero value (see Figs. 1, 2): even for infinite statistics N → ∞ the wrong state is reconstructed ρ t → ρ a , where ρ a is the state obtained from (3) using the "true state" κ (n) j instead of using only its first order expansion in ϕ. This bias implies that (in contrast to tomography) in DST there is an optimal number N of measurements that should be performed for each ϕ, namely the N at which the trace distance D starts to saturate (black arrows in Figs. 1, 2) : for smaller N the trace distance has large statistical fluctuations (Fig. 3) , while for larger N the trace distance does not decrease. This optimal N depends on ϕ (larger ϕ require smaller N to saturate) and on the unknown state, so it is unfortunately impossible to predetermine it before the experiment. Nonetheless, one can still verify (at least qualitatively) when this number has been reached by estimating D.
We can estimate D from the experimental data [19] without any knowledge of the true state ρ t in the case of pure state DST (4) (see Fig. 4 ). This can be done iteratively using D 
where the orders 1-3 in the ϕ-expansion are null. For finite N , D ′ qualitatively approximates D for the physically significant small values of the parameter ϕ (Fig. 4) . The explicit form of D A comparison between the discrete pointer in DST of Eqs. (3),(4) and the continuous variable one of (5) shows that the two reconstructions are substantially equivalent for physically significant small values of ϕ (see Fig. 4 ). In closing, we note that by reconstructing the state |ψ r with different values of ϕ, we can extrapolate it to ϕ → 0, in order to (partially) overcome the intrinsic bias of DST [19] .
Conclusions:-We compared DST and conventional tomography through Monte-Carlo simulated experiments. Our results: (1) DST is surprisingly robust to its inherent bias, due to the finiteness of the coupling ϕ in practice; (2) a prescription of how one can estimate this (unknown) bias from the experimental data only; (3) the dimensionality of the pointer system is irrelevant: a qubit or continuous-variable pointers achieve the same performance; (4) as expected, conventional tomography achieves better performance for the same number of data, (but is experimentally more complicated).
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